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Abstract
We extend standard results for vacuum asymptotically locally AdS (AlAdS)
spacetimes, showing that such spacetimes can be constructed as foliations where
the induced metric on each hypersurface satisfies Einstein’s equation with stress-
energy. By an appropriate choice of stress-energy on the hypersurfaces, the result-
ing AlAdS spacetime satisfies Einstein’s equation with a negative cosmological
constant and physical stress tensor. We use this construction to obtain AlAdS
solutions whose boundaries are FRW cosmologies sourced by a massless scalar
field or by a perfect fluid obeying the strong energy condition. We focus on
FRW universes that approach Minkowski spacetime at late times, yielding Al-
AdS spacetimes that approach either the Poincare´ patch of pure AdS or the AdS
soliton, which we view as late time equilibrium states. As an application of these
solutions, we use the AdS/CFT correspondence to study the approach to equi-
librium of the entanglement entropy and of the boundary stress tensor of the
boundary CFT. We find that the energy of the asymptotically AdS solitonic so-
lution is consistent with the conjecture that the AdS soliton is the lowest-energy
solution to Einstein’s equation with negative cosmological constant. The time
dependent correction to the entanglement entropy is found to decay like a power
law, with rate set by the Hubble parameter and the power determined by the
equation of state of the cosmic fluid.
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1 Introduction
A large class of interesting and useful asymptotically locally anti-de Sitter (AlAdS) space-
times have been constructed by starting with AdS in Poincare´ coordinates, in which the
spacetime is foliated by slices on which the metric is conformal to the Minkowski metric
ηab, and replacing ηab with any Ricci-flat metric γab. Thus (D − 1)-dimensional vacuum
solutions to Einstein’s equations straightforwardly give rise to new D-dimensional solutions
to Einstein’s equation with a negative cosmological constant. For example, taking γab to
be the Schwarzchild black hole yields a black cigar [1], and γab was taken to be a vacuum
pp-wave in [2] to construct a wave in the far field of an AdS-brane spacetime. Further-
more, the AlAdS solutions so generated are of particular interest in light of the AdS/CFT
correspondence [3, 4, 5], since they are dual to a large-N , strongly coupled conformal field
theory (CFT) that lives on the spacetime γab (or a conformally rescaled version thereof).
For instance, [6, 7] took γab to be a vacuum Kasner metric in order to study a cosmological
singularity by computing the entanglement entropy and Wightman functions of the CFT4.
In this paper we generalize this construction and show how non-vacuum (D−1)-dimensional
spacetimes can be used to give AlAdS spacetimes with nonzero stress-energy. Specifically, if
γab is a solution to the Einstein equations in (D − 1)-dimensions with stress-energy tensor
T̂ab, we show that replacing ηab on the Poincare´ slices with γab gives a D-dimensional AdS
solution with stress-energy Tab that satisfies
Tµν = T̂µν , (1)
where µ, ν = 0, . . . , D−1. By appropriate choice of T̂ab, we use this construction to find new
AlAdS spacetimes that have a physically sensible stress-energy. We also show that these
4In fact, in [7] the CFT lived on a singularity-free conformally rescaled version of Kasner.
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spacetimes can be “solitonized” [8] by adding a compact dimension that shrinks smoothly
to zero in the AdS bulk. A variation of this non-vacuum construction was performed in
[9, 10, 11], which studied getting supergravity gauge fields “on the brane” by doing a Kaluza-
Klein reduction of a supergravity theory in the higher dimensional AdS spacetime. A related
construction starting with supergravity fields in ten dimensions was used to explore prop-
erties of time dependent boundaries in references [12, 13, 14, 15]. The relation between
their higher and lower dimensional matter theories differs from what we find here, as will be
clarified in Section 2.
As a special example, we will take γab to be a Friedman-Robertson-Walker (FRW) cos-
mology5. The cosmological stress-energy is an isotropic perfect fluid with energy density
ρ˜(t) and pressure p˜(t), which are related by an equation of state p˜(t) = wρ˜(t). We will show
that in the AdS spacetime, the fluid is still isotropic on the cosmological slices with the
same equation of state p = wρ and that the pressure in the AdS radial direction is given
by py = (3w − 1)ρ/2. The pressures and density decay towards the AdS boundary as well
as in time as the universe expands. A case of special interest is a free, massless scalar field
which in a (D − 1)-dimensional FRW spacetime has the equation of state p˜ = ρ˜, that is,
w = 1. Hence the scalar field generates a D-dimensional AdS cosmology which is isotropic
in all spatial directions and has corresponding equation of state p = ρ. According to the
AdS/CFT prescription, such a scalar field in the bulk AdS is dual to to a scalar operator in
the CFT with vanishing expectation value but nonzero source.
We will focus on FRW metrics with negatively curved spatial slices, in which case γab
approaches the future Milne wedge of Minkowski space at late time, so long as w > −1/3.
The resulting AlAdS solution therefore approaches either the Poincare´ patch of AdS or the
AdS soliton at late times, which we interpret as an approach to equilibrium. We use these
solutions to perturbatively study the approach to equilibrium of the boundary stress tensor
and the ADM charges. Interestingly, we find that the latter decrease to their equilibrium
values at late times, with the time dependent correction proportional to the dimensionless
density parameter of the universe Ω. For example, the mass of the solitonized cosmology
decays as
M =
(
1− 1
2
Ω
)
M(0) + · · · , (2)
where M(0) is the mass of the static soliton and · · · stands for subleading terms at late
times. In the context of spacetimes approaching the AdS soliton, this result is consistent
with the energy conjecture of [17] that the AdS soliton is the lowest energy spacetime with
the prescribed asymptotic structure.
A second application of our cosmological AdS solutions will be to compute the behavior
of the entanglement entropy S of a spherical region in the CFT as the spacetime evolves
to equilibrium. We use the covariant prescription of [25], which is a generalization of the
static prescription [24]. This states that the entanglement entropy SR of a region R of a
holographic CFT is related to the area of a special bulk surface Σ. In general, SR is UV-
5From the CFT side, such solutions can be thought of as a generalization of those in [16], which took the
boundary metric to be a conformally flat FRW geometry.
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divergent, but it can be regulated and the behavior of this regulated entropy Sren is studied.
We find that at late times, Sren decays as a power law in the proper time of an asymptotically
static observer.
Our results add to and complement the substantial body of work in the literature on
vacuum AlAdS spacetimes in which the metric on the AdS boundary is time dependent.
For instance, [21] constructed an elegant solution in which the metric on each Poincare´ slice
is a de Sitter cosmology. Several studies in the general category of holographic cosmology
apply coordinate transformations to AdS black holes to produce cosmological boundaries
[26, 27, 28, 29, 30, 31, 32, 33], and resulting metrics have been analyzed as describing an
expanding boost-invariant plasma [34, 35, 36, 37, 38]. Significant analytical work has also
been done on out of equilibrium thermal properties of field theories using various AdS black
hole spacetimes, including [39, 40, 41, 42, 43, 44, 45, 46]. Discussion and further references
can be found in [47]. Our work adds a set of new non-vacuum AlAdS spacetimes which allow
a wide range of boundary metrics.
This paper is organized as follows. Section 2 contains the derivation of the new AlAdS
solutions, as well as an analysis of the scalar field and perfect fluid cases. In section 3,
the leading time dependent corrections to the boundary stress tensor and the ADM charges
for a solitonic cosmology in an open universe are found. In section 4 the perturbation to
the entanglement entropy is calculated, and section 5 contains discussion and concluding
remarks. Unless otherwise specified, we take Newton’s constant GN = 1.
2 AdS and AdS soliton cosmologies
We start by considering AlAdS spacetimes of the general form
ds2D = dy
2 + e2y/lγµν(x
α)dxµdxν , (3)
where l is the AdS length and as before µ, ν = 0, 1, . . . , D − 1. For γµν = ηµν this is AdS in
Poincare´ coordinates with cosmological constant given by
Λ = −(D − 1)(D − 2)
2l2
, (4)
so we will refer to hypersurfaces y = const. as “Poincare´ slices”. As mentioned above, it is
well known that the Einstein equations with cosmological constant Λ are still satisfied for
any Ricci-flat γµν(x
ρ). In the particular case where γµν is a cosmological metric, we refer to
(3) as an AdS cosmology.
In general, spacetimes of the form (3) with γµν 6= ηµν suffer from a singularity at the
Poincare´ horizon y → −∞. This singularity can be resolved by introducing an additional
compact direction v:
ds2D =
dy2
F (y)
+ e2y/l
(
F (y)dv2 + γµν(x
ρ)dxµdxν
)
, (5)
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where F (y) = 1 − e−(D−1)(y−y+)/l, and now µ, ν = 0, 1, . . . , D − 2. The metric (5) is capped
off at y = y+, so that the Poincare´ horizon (and its possibly singular behavior) is removed.
Regularity at this cap fixes the period of v to be
v ∼ v + 4πle
−y+/l
D − 1 . (6)
Now, if γµν = ηµν , then (5) is the usual AdS soliton metric [17]
6. However, it was noted in
[8] that the Einstein equations with negative cosmological constant Λ will still be satisfied
for any Ricci-flat γµν . In analogy with (3), if γµν is a cosmological metric, we will refer to (5)
as an AdS soliton cosmology.
The solutions (3) and (5) provide a simple construction of AlAdS spacetimes with any de-
sired Ricci-flat boundary metric γµν
7. Our goal is to generalize the above results to isotropic
FRW cosmological metrics γµν ; as such cosmologies are not (in general) Ricci-flat, we will
require the introduction of matter fields.
2.1 Massless Scalar Field
We obtain a direct analogue of the results for vacuum metrics by considering a free massless
scalar field φ in the AdS and AdS soliton spacetimes above. The full D-dimensional Einstein-
massless scalar equations are
Gab = −Λgab + 8πTab, ∇2φ = 0, (7)
where Gab is the Einstein tensor and
Tab =
1
8π
[(∇aφ) (∇bφ)− 1
2
gabg
cd(∇cφ) (∇dφ)] (8)
is the stress-energy of a free massless scalar field in any dimension. Consider a lower-
dimensional metric γµν(x
ρ) and scalar field configuration φ(xµ) that solve the Einstein-scalar
equations
Ĝµν = 8πT̂µν , ∇̂2φ = 0, (9)
where hatted objects are computed with respect to the metric γµν . Furthermore, let
sµν = e
2y/lγµν (10)
be the induced metric on a Poincare´ slice. Finally, we pause to note that the scalar field stress
energy satisfies the important property that from the full D-dimensional point of view, the
induced stress tensor on each Poincare´ slice is equal to the lower-dimensional stress tensor
of the scalar field on γµν :
Tµν = T̂µν . (11)
6Although this is no longer Poincare´ AdS, we will continue to call surfaces of y = const., v = const.
Poincare´ slices.
7Technically, the boundary of (5) is γµν cross the circle direction v.
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Now, consider first the metric (3). The D-dimensional Ricci tensor for gab is related to
the Ricci tensor of sµν by
Rµν [g] = Rµν [s]− D − 1
l2
sµν , Ryy =
D − 1
l2
. (12)
When these components are assembled into the D-dimensional Einstein tensor and substi-
tuted into the left hand side of the Einstein field equation (7), one sees that the terms which
do not involve the curvature of sµν are equal to the cosmological constant term on the right
hand side. If γµν is Ricci flat, then the metric (3) is a solution with Tab = 0. If instead
γµν is a solution to (9) with nonzero T̂µν , then it is then straightforward to show that the
metric (3) constructed from γµν will satisfy the full equations of motion (7), with the full
bulk scalar field taken to be φ(xµ) (which, in particular, is independent of y). The additional
nonzero component of the stress-energy tensor is 8πTyy = −12sµν∇µφ∇νφ. The construction
with the solitonized metric (5) proceeds in a similar way, and one finds that Tyy is the same
and Tvv = gvvTyy.
One may naturally ask if such a straightforward foliation can be extended to other types
of matter as well. For instance, one might hope to replace the scalar field with a Maxwell
field and obtain multi-black hole solutions analogous to those of [18]. This is not the case:
a key ingredient in the proof was the property (11) of the scalar field stress-energy. This
property holds for the massless scalar field stress tensor but not e.g. for Maxwell fields, or
even for a scalar field with nonzero potential V (φ).
A massless scalar field that depends only on time can serve as the source for an FRW
cosmology on the Poincare´ slices of either (3) or the soliton metric (5). For instance, setting
dsˆ2 = γµνdx
µdxν and specializing to 4-dimensional cosmologies with flat spatial sections we
have
dsˆ2 = −dt2 +
(
t
t0
)2/3
(dx2 + dy2 + dz2), φ = −
√
2
3
ln
(
t
t0
)
, (13)
with corresponding stress tensor equal to that of a perfect fluid obeying the stiff matter
equation of state p˜ = ρ˜. From the holographic perspective, the AdS/CFT dictionary tells
us that the bulk scalar field is dual to a scalar operator in the CFT. To be specific, the
near-boundary behavior of a massless scalar field in AdS takes the form
φ(y) = (φ0 + · · · ) + e−(D−1)y/l
(
φ(D−1) + · · ·
)
, (14)
where φ0 and φ(D−1) are independent parameters that are fixed by the boundary conditions,
and · · · represent subleading terms in e−y/l. The coefficient φ0 should be interpreted as the
source of a scalar operator O of dimension D − 1, whose expectation value is 〈O〉 = φ(D−1).
Our solutions correspond to the special case φ(D−1) = 0. Note that this is unconventional:
the operator O is being sourced, but nevertheless has a zero expectation value.
2.2 Perfect Fluid Matter
Noting that property (11) of the scalar field stress tensor was the key element in the above
construction, we may extend the range of AdS and AdS soliton cosmologies by considering
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more general types of stress-energy that satisfy this condition. We will shortly focus on
perfect fluids, but we begin by assuming just that the metric γµν satisfies Einstein’s equation
on a Poincare´ slice with some stress-energy T̂µν . We can then analyze the content of the full
D dimensional Einstein equations, beginning with the AdS type metrics (3), in the following
way.
Using the relations between the components of the Ricci tensor (12) as in the previous
subsection, we find that the AdS-type metric (3) solves the Einstein equation (7) with stress-
energy given by
Tµν = T̂µν , Tyy =
1
D − 3 T, (15)
where T = sµν Tµν . A similar analysis for the AdS soliton-type metric (5) shows that the
Einstein equation (7) is solved with stress-energy given by
Tµν = T̂µν , Tyy =
1
D − 4 gyyT, Tvv =
1
D − 4 gvvT. (16)
For example, one could embed a textbook example of a four-dimensional spherical static star
into AdS. According to (16) the pressures in the radial AdS and compact soliton directions
of this cigar-star will be equal to each other, but different from the radial pressure in the
Poincare´ plane.
We now specialize to the case of AdS and AdS soliton cosmologies, taking the metric γµν
to have the FRW form
dsˆ2 = −dt2 + a2(t) dΣ2k, (17)
where dΣ2k is a metric on a space with constant curvature k = 0,±1. We also restrict our
attention to 4-dimensional Poincare´ slices, so that the AdS cosmologies (3) have overall
dimension D = 5 and the AdS soliton cosmologies (5) have dimension D = 6. Finally, we
assume that the stress-energy T̂µν on the slice has the perfect fluid form
T̂µν = (ρˆ+ pˆ)uˆµuˆν + pˆγµν , (18)
with γµν uˆµuˆν = −1 and equation of state pˆ = wρˆ. Note that the strong energy condition
requires w ≥ −1/3. Important special cases are w = 0 for dust, w = 1/3 for radiation, and
w = 1 for the massless free scalar field; indeed, note that such a stress tensor obeys the
condition (11)8.
The cosmological scale factor on the Poincare´ slices evolves according to the Friedmann
equations
d(ρˆ a3) = −pˆ d(a3),
(
a˙
a
)2
=
8πρˆ
3
− k
a2
. (19)
The full stress energy tensor Tab for AdS cosmologies, given by (15), now has the form of
an anisotropic fluid, with a distinct equation of state parameter for the pressure in the y-
direction. Moreover, the energy density and pressures depend on the radial coordinate y,
8Values of w different from 1 could be obtained from an interacting scalar field, but as such interactions
would require the introduction of a scalar potential, they are not compatible with our ansatz. We will keep
w general, with the understanding that this is a bulk, hydrodynamic description.
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as well as on time. One finds that the energy density is given by ρ = e−2y/lρˆ, while the
pressures tangent to the Poincare´ slices satisfy an equation of state in the D-dimensions of
the same form as in (D − 1), namely p = wρ. In the y-direction one finds that py = wyρ
with
wy =
(3w − 1)
2
. (20)
With a soliton, equation (16) implies that the pressure in the compact v-direction is equal
to py, so also pv = wyρ. To summarize, the stress-energy for the AdS soliton cosmology is
ρ = e−2y/lρˆ(t), p = wρ, py = pv =
(3w − 1)
2
ρ. (21)
Some observations are as follows. For w = 1, which corresponds to the massless scalar
field discussed above, wy = 1 as well so the pressure in the full spacetime is isotropic. For
radiation (w = 1/3), the stress-energy on the Poincare´ slices is traceless and the pressure
orthogonal to the slices vanishes, so the stress tensor remains traceless. For w < 1/3, the
orthogonal pressure is negative.
2.3 Open AdS and AdS Soliton Cosmologies
We will be particularly interested in AdS and AdS soliton cosmologies with open (k = −1)
FRW universes on the Poincare´ slices. In this case, provided that the equation of state
parameter is in the range w > −1/3 (that is, that the strong energy condition holds),
the energy density ρˆ will fall off faster than 1/a2 and at late times the scale factor will
grow linearly in time. At sufficiently late times, the metric γµν on the Poincare slices then
approaches
dsˆ2late = −dt2 + t2 dΣ2−1, (22)
which is flat spacetime in Milne coordinates. The full AdS and AdS soliton cosmological
metrics (3) and (5) then respectively approach the AdS or AdS soliton metrics at late times.
The late-time behavior of these cosmologies can therefore be thought of as an approach to
equilibrium; in particular, the CFT dual can be thought of as an expanding isotropic plasma
equilibrating at late time. The solutions (3) and (5) correspond to the plasma being in a
deconfined or confined phase, respectively.
3 ADM Mass and Boundary Stress Tensor for AdS
Soliton Cosmologies
From the field theoretic side, the late-time behavior of the AdS cosmology with open spatial
slices described above is interpreted as a relaxation of the CFT to the vacuum state. This
relaxation can be studied by computing the late-time behavior of CFT observables. As a
first examination of the properties of these AdS cosmologies, we look at how the cosmological
expansion impacts the boundary stress tensor and the ADM mass and tensions of the AdS
soliton (which corresponds to the confined phase of the dual field theory; see e.g. [48]). In
7
general we lack a definition of the ADM charges that will apply at the boundary y = ∞
with a time dependent boundary metric. However, as we will see the special case of an
open cosmology with matter obeying the strong energy condition w > −1/3 allows for
a perturbative computation of how the ADM charges of the soliton approach their static
values at late times.
The static AdS soliton has negative ADM mass, reflecting the negative Casimir energy
of the boundary field theory with a compact direction, and is conjectured to be the lowest
energy solution among spacetimes with these asymptotics [17]. In addition to its mass, the
AdS soliton has nonzero ADM tensions [49, 19]. The tension along the compact v-direction
in (5) is found to be large and positive, while the other three spatial tensions have negative
values, such that the trace of the ADM charges (sum of the mass and the tensions) vanishes.
One can think of the static soliton solution as an equilibrium configuration. In this section
we will compute the approach to equilibrium of the boundary stress tensor, as well as the
mass and tensions for an open AdS soliton cosmology. We will see that the mass decreases
to the static soliton value, a result that is consistent with the minimum mass conjecture with
matter obeying the strong energy condition.
As noted above, the FRW boundary metric does not have a time-translation symmetry
and therefore the ADM mass is not defined in the usual sense. However, at late times the
FRW cosmologies with negatively curved spatial slices approach Minkowski spacetime. We
can then define a time dependent ADM mass in this late time limit by writing the metric
as static AdS plus time dependent perturbations that decay to zero. These perturbations to
the metric determine the late time corrections to the asymptotic constant value of the mass
of the soliton.
Consider an AdS soliton cosmology (5) with an open FRW metric
dsˆ2 = −dt2 + a2(t) (dχ2 + sinh2 χ dΩ2(2)) (23)
on the Poincare´ slices. We assume that w > −1/3, so that in the late time limit a(t) ≃ t.
Define new coordinates on the slices according to
T = a(t) coshχ, R = a(t) sinhχ. (24)
Note that since R/T = tanhχ it follows that R/T ≤ 1 with equality when χ→∞. In terms
of these new coordinates the AdS soliton cosmology has the form
ds2 =
dy2
F (y)
+ e2y/l
[
F (y) dv2 − dT 2(1− δg˜TT ) + dR2(1 + δg˜RR) + 2 δg˜TR dR dT +R2dΩ2(2)
]
(25)
where F (y) is given in (5) and the functions δg˜TT , δg˜RR and δg˜TR, which give the deviance
of the metric on the Poincare´ slices from flat, may be written as
δg˜TT = Ω
1
1− (R/T )2 , δg˜RR = Ω
(R/T )2
1− (R/T )2 , δg˜TR = Ω
R/T
1− (R/T )2 . (26)
Here Ω is the dimensionless density parameter of the open FRW metric,
Ω =
8πρˆ
3H2
=
(
1− 1
a˙2
)
, (27)
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and H = a˙/a is the Hubble parameter. For an open universe Ω < 1 and approaches zero
in the far future. Hence, the metric (25) approaches the AdS soliton at late times. We
emphasize that the expressions in (26) are exact up to this point.
To proceed further, the density parameter Ω must be expressed in terms of the asymptot-
ically Minkowski coordinates (T,R), which requires the expression for the scale factor a(t)
at late times. To obtain this expression, first we substitute the equation of state p = wρ
into the Friedman equations (19), which allows the energy density to be solved for in terms
of the scale factor, giving
ρˆ(t) =
3Ω¯∗H
2
∗
8π(H∗a(t))3(1+w)
, where Ω¯∗ ≡ Ω∗
(1− Ω∗)3(w+1)/2 (28)
andH∗ and Ω∗ are the Hubble and density parameters evaluated at a fiducial time t = t∗. The
density and scale factor evaluated at t∗ are given by ρˆ∗ = 3Ω∗H
2
∗
/8π and a∗ = 1/(H∗
√
1− Ω∗)
respectively. The equation for the scale factor then reduces to
a˙2 = 1 +
Ω¯∗H
2
∗
a
3(1+w)
∗
a1+3w
. (29)
For w > −1/3, this reduces in the limit of large scale factor to a˙2 ≃ 1, giving a(t) ≃ t in the
late time limit. Including a subleading correction of the form a(t) ≃ t+ αtβ yields
a(t) ≃ t− Ω¯∗
6wH∗(H∗t)3w
, w 6= 0, (30a)
a(t) ≃ t+ Ω¯∗
2H∗
ln
(
t
H∗
)
, w = 0, (30b)
which by (27) yield
Ω(t) ≃ Ω¯∗
(H∗t)(1+3w)
. (31)
The expressions (30) can be inverted and combined with the transformation to (R, T )
coordinates to yield the coordinate transformation from t to (R, T ), valid at late times,
including terms up to order R2/T 2,
t ≃ T + Ω¯∗
6wH∗(H∗T )3w
− R
2
2T
, w 6= 0, (32a)
t ≃ T − Ω¯∗
2H∗
ln
(
T
H∗
)
− R
2
2T
, w = 0, (32b)
which then give Ω as a function of T and R:
Ω ≃ Ω¯∗
(H∗T )3w+1
(
1− (1 + 3w)Ω¯∗
6w(H∗T )3w+1
+
(1 + 3w)R2
2T 2
)
, w 6= 0, (33a)
Ω ≃ Ω¯∗
H∗T
(
1 +
Ωˆ∗
2H∗T
ln
(
T
H∗
)
+
R2
2T 2
)
, w = 0. (33b)
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This is our desired result.
We are now prepared to compute the leading late time corrections to the boundary stress
tensor density, which we will denote by τµν . Let Kµν be the extrinsic curvature of the AdS
boundary. In the boundary stress tensor formalism a boundary action is defined that includes
an integral over K plus geometrical counterterms that are constructed from the metric on
the boundary sµν , defined in equation (10). These terms include a cosmological constant,
the scalar curvature of sµν , and potentially higher derivative counter terms as needed. The
stress tensor density results from varying the boundary action with respect to sµν . The
coefficients of the counter terms are chosen to cancel divergences that occur in τµν and are
dimension dependent. One finds the result [51, 52, 53]
8πτµν =
√−s
(
Kµν −Ksµν + D − 2
l
sµν +
1
D − 3Gµν [s] + · · ·
)
, (34)
where the · · · indicate higher derivative terms in the Riemann tensor of sµν , which we
will show are subdominant at late times. We work with the boundary stress tensor density
because the volume element of the late time metric changes at leading order, and also because
this is the appropriate quantity to integrate to get the ADM charges.
In the case of the static AdS soliton, the metric on the boundary is flat and the terms in
(34) depending on the curvature of sµν all vanish. This is no longer true for the cosmological
AdS spacetimes. The Einstein tensor term in (34) contributes a time-dependent piece to τµν
which goes to zero at late times like the energy density ρˆ in (28). Additional time dependence
in τµν comes from the volume element in (34) which goes like
√−s =
(
1− 1
2
Ω
)√−s(0), (35)
where
√−s(0) denotes the volume element in the static AdS soliton, and the late time
behavior of the density parameter Ω is given in (31). Comparing the decay rates of ρˆ and Ω,
one finds that the contribution of Gµν to the boundary stress tensor density is subdominant
at late times compared to that of the volume element. The contributions of higher derivative
terms in (34) will decay even more rapidly. The leading contributions to the boundary stress
tensor density are then readily found by combining the results for the static AdS soliton in
[49] with equation (35) giving
τµν =
e5y+/l
16πl
(
1− 1
2
Ω
)
diag(−1, 1, 1, 1,−4), (36)
where the coordinates are ordered according to (t, x1, x2, x3, v). Hence the decaying time
dependent corrections to the static values of τµν are simply proportional to Ω, the density
parameter of the cosmology.
We now use the results above to determine the ADM mass and tensions for the AdS
soliton cosmologies. Comparison with [49] shows that the integrands of the ADM charges in
AdS coincide with the first three terms in the boundary stress tensor in equation (34), and
the components of τµν above then just need to be integrated to obtain the ADM charges. In
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the static coordinates, the density parameter Ω depends on R as well as T , so the integrand
is not a constant. This does not mean that R = 0 is a special point, since any location in the
homogeneous open cosmology could equally well be chosen as the origin. For the static AdS
soliton, the ADM charges are made finite by taking the planar geometry to be periodically
identified, with −Lj/2 ≤ xj ≤ Lj/2. For notational brevity let the asymptotic volume be
V = L1L2L3Lv where Lv is the range of compact coordinate v given in (6). In the limit that
the plane is infinite, the relevant energy is the mass per unit volume obtained by dividing
the total mass by V , and similarly for the spatial tensions.
Finally, it is important to note that the static radial coordinate R has the range 0 ≤
R ≤ T , with the upper limit corresponding to χ→∞ in the coordinate transformation (24).
The integrals for the ADM charges are then over a box of length L < T , and at the end we
divide out the volume of the box. Define the spatial average of the density parameter Ω at
time T by
〈Ω〉 = Ω¯∗
V (H∗T )3w+1
∫
dx1dx2dx3dvΩ(R, T ). (37)
In the late time limit, we substitute the approximate expression for Ω given in (33). For the
general case w 6= 0, this yields
〈Ω〉 = Ω¯∗
V (H∗T )3w+1
(
1− c1
T 3w+1
+
c2L
2
T 2
)
, (38)
where the coefficients c1, c2 can be read off of the expansion of Ω in equation (33). One sees
that the terms proportional to c1 and c2 make increasingly small contributions and so will
be dropped in subsequent formulae. This also allows us to treat the cases w = 0, w 6= 0
simultaneously, since the leading-order term in (38) is identical to that obtained in the special
case w = 0.
Following the conventions of past work (e.g. [49]), we give the ADM tension rather than
a pressure, where tension is simply minus the pressure9. Assembling the pieces, at late times
the mass and tensions of the soliton in the metric (25) are
M = Tj = − V
16πl
e5y+/l
(
1− 1
2
〈Ω〉
)
, j = 1, 2, 3, (39a)
Tv = 4V
16πl
e5y+/l
(
1− 1
2
〈Ω〉
)
. (39b)
The expressions for the ADM charges have the same structure as the components of the
boundary stress tensor, relaxing to the equilibrium values like 〈Ω〉. Since 〈Ω〉 > 0, the mass of
the AdS soliton cosmology decreases as 〈Ω〉 goes to zero, approaching its negative static value
at late times, consistent with the energy bound conjectured in [17]. The tension Tv around
the compact dimension increases to its static positive value, while the traceM+ Tv +ΣjTj
vanishes throughout the relaxation process.
9This convention is natural in asymptotically flat static spacetimes where the gravitational tension can
be shown to be positive [50].
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4 Entanglement Entropy
The new AdS cosmological solutions allow us to compute how the entanglement entropy
of a region in the dual CFT approaches equilibrium. To perform the computation, we use
the holographic prescription [24, 25], which proposes that the entanglement entropy of a
region R (called the entangling region) in the boundary CFT is equal to
SR =
Area [Σ]
4GN
, (40)
where Σ (referred to as the entangling surface) is the minimal-area extremal surface in the
bulk spacetime anchored to ∂R and homologous to R. Note that in this section we have
restored Newton’s constant GN . We will also keep w general, though we emphasize that
only the case w = 1 (wherein the bulk matter is a scalar field) has a well-understood CFT
dual.
Parametrizing Σ as Xa(σi), with σi coordinates on Σ, i = 1, ..., D−2, the area functional
is
A =
∫ √
hdD−2σ, (41)
where h is the determinant of the induced metric on the surface
hij = gab∂iX
a∂jX
b. (42)
In general, extremizing (41) to obtain the entangling surface is difficult to accomplish an-
alytically, and the AdS soliton cosmologies are no exception. However, we can make progress
by working in the non-solitonized AdS cosmology (3) and noting that the calculations per-
formed there should approximate those in the AdS soliton cosmology, as long as the relevant
surfaces do not extend too deeply into the spacetime. The boundary metric is then
ds2∂ = −dT 2(1− δg˜TT ) + dR2(1 + δg˜RR)− 2δg˜TR dR dT +R2dΩ2(2), (43)
and the full metric is given in (3) with γµν equal to ds
2
∂. Working in pure AdS has the
significant advantage that the extremal surface is known for a spherical entangling region
on the boundary [24]. This allows us to use perturbative techniques to compute the time
dependent correction to the area as the metric approaches the static AdS spacetime in the
future.
In order to compute the late-time behavior of the entanglement entropy we work to first
order in powers of R/T in δg˜TT , δg˜RR, and δg˜TR, given in equations (26) and (33). We take
the boundary of the entangling region to be a sphere of radius R0 at some time T0; the
corresponding entangling surface Σ in pure AdS was found in [24]. We may then perturb
off of this solution to compute the leading correction to the area. There are two natural
options for how this sphere should evolve in time: (i) the sphere can be of fixed proper size
in the asymptotically static coordinates so that R0 is held constant as T0 advances; or (ii)
the sphere can be comoving, so that fluid elements on the boundary of the sphere follow
geodesics, and R0 grows like a(t). We will discuss both choices below.
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4.1 Zeroth Order Solutions
At zeroth order, the boundary metric (43) is just Minkowski space. Parametrizing the surface
by z ≡ le−y/l and the coordinates on the sphere, the area functional (41) is
A = 4πl3
∫ 1
ǫ
dx
(1− x2)1/2
x3
, (44)
where ǫ = zcut/R0 and zcut is a UV cutoff to regulate the integral. The corresponding
entangling surfaces were calculated in [24] and are given by
Σ0 : z
2 +R2 = R20 , T = T0, (45)
with area
A(0) = l3
[
Astatic
2z2cut
− π ln
(
Astatic
πz2cut
)
− π
]
, (46)
where Astatic = 4πR
2
0 is the area of ∂Σ0. The first term in the above expression denotes the
usual area law growth of the entanglement entropy, while the coefficient of the logarithmically
divergent term provides a UV-independent measure of the entanglement entropy.
4.2 First Order Corrections: Approach to Equilibrium
Now, consider corrections to (46) which arise both from perturbations to the metric and to
the surface Xa. Write each as a zeroth order piece plus a perturbation,
gab = g
(0)
ab + δgab , X
a(σi) = X
a
(0) + δX
a. (47)
To first order the volume element on the surface becomes
h = h(0)
(
1 + Tr
[
δgab∂iX
a
(0)∂jX
b
(0) + 2g
(0)
ab ∂iδX
a∂jX
b
(0)
])
. (48)
However, the second term in the trace is a variation of the surface in the background metric,
and so this integrates to zero since the background surface is extremal. Thus the first-order
change in the area is governed by the perturbation to the metric:
δA =
1
2
∫ √
h(0) Tr
[
δgab∂iX
a
(0)∂jX
b
(0)
]
dd−1σ. (49)
The final step is to substitute the expressions for the metric perturbations (26) into the
metric equations (3), (43). Using R′(z) = −z/R on the zeroth order surface (45), the
induced metric in the perturbed spacetime is given by
(g
(0)
ab + δgab)∂iX
a
(0)∂jX
b
(0)dσ
idσj|Σ0 =
l2
z2
{(
R20
R2
+
z2Ω
T 20
)
dz2 +R2dΩ2(2)
}
, (50)
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where R =
√
R20 − z2. Using this expression in (49) and substituting Ω from (33) gives the
first-order correction to the area of the entangling surface
δA =
4πl3Ω¯∗
(H∗T0)3w+1
(
R20
2T 20
)∫ 1
ǫ
dx
(1− x2)3/2
x
(51)
=
l3Ω¯∗
4(H∗T0)3w+3
H2
∗
Astatic
(
ln
(
Astatic
πz2cut
)
− 4
3
)
. (52)
This result is valid at sufficiently late times such that H∗T0 ≫ 1 and T0 ≫ R0.
The entanglement entropy, including the leading late time contribution, follows from sub-
stituting (51) and (46) into the entropy-area relation in equation (40). The conversion from
area to entropy contains the prefactor l3/G
(5)
N , which can be translated into the parameters
of the dual CFT. According to the AdS/CFT correspondence, the solutions (3) in D = 5
are dual to an N = 4 supersymmetric Yang-Mills theory on the FRW spacetime (17). Fol-
lowing the discussion in [24], we consider N = 4 SU(N) SYM theory on AdS5 × S5, in
which case the AdS radius, the ten dimensional Newton’s constant, and the five dimensional
Newton’s constant are identified with the string coupling, string tension, and N according
to l4 = 4πgs(α
′)2N , G
(10)
N = 8π
6g2s(α
′)4, and G
(5)
N = G
(10)
N /l
5. This gives l3/G
(5)
N = 2N
2/π,
and the entanglement entropy is then
S =
N2
2π
[
Astatic
2z2cut
− π ln
(
Astatic
πz2cut
)
− π + Ω¯∗H
2
∗
Astatic
4(H∗T )3w+3
(
ln
(
2Astatic
πz2cut
)
− 4
3
)
+ · · ·
]
, (53)
where · · · denotes terms that are subleading at late time, and the subscript on T has been
dropped for simplicity. The coefficient of the logarithmic term is invariant under rescalings
of the cutoff, so it serves as a regularized measure Sren of the entanglement entropy. One
finds
δSren ≃ N
2
8π
Ω¯∗H
2
∗
Astatic
(H∗T )3w+3
. (54)
Note that this is positive, which means that S decreases to its equilibrium value. This be-
havior differs markedly from that of quenches in CFTs [56, 57, 58, 59, 60, 61, 62], wherein
the entanglement entropy grows until is saturates. There is a temptingly simple and com-
pelling physical reason for the decrease of S found in this calculation: in the Cartesian
coordinates T,R there is a nonzero radial flux proportional to gTR, so the decrease of the
entropy in the ball R ≤ R0 can be interpreted as due to an energy flow out of the ball. In
particular, in the quasi-particle picture of entanglement entropy propagation [56], entangle-
ment is carried by entangled particle pairs; a new flow of such particles out of the entangling
ball R ≤ R0 leading to a decrease in entanglement entropy is consistent with this picture.
Alternatively, note that at late time, our bulk solution approach the Minkowski vacuum,
and therefore the CFT evolves from an excited state to the zero-temperature vacuum state.
We would therefore naturally expect probes of correlation (such as entanglement entropy)
to decay in the late time limit10.
10We thank Juan Pedraza for this observation.
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The time dependent contribution decays as a power law, and the time scale for the decay
is set by the Hubble parameter H∗. The power depends on the equation of state. For
example, for dust the correction goes to zero like T−3, and for a free massless scalar field like
T−6. The time dependence in δS is analogous to the result of [6], in which the entropy of a
strip in a vacuum-Kasner AdS spacetime was found to have a power law behavior, in both
cases a reflection of the time evolution of the cosmology.
Turning to the amplitude of δSren, we see that this is set by an interesting combination
of factors. At sufficiently late times t∗Ω∗ ≪ 1, so that H2∗ Ω¯∗ ≃ 8πG(5)N ρˆ∗/3. Hence the
dimensionless combination H2
∗
Ω¯∗Astatic has the interpretation of the non-vacuum energy,
measured in Planck units, that is contained in a shell of width the Planck length that
surrounds the sphere. That is, the entangling modes of the perturbation act like they are
concentrated on the boundary of the sphere. This is a reflection of the fact that the change
in the area of the extremal surface comes from the metric perturbations near the surface.
4.3 The Cosmological View
An alternative way to interpret the time evolution of the entanglement entropy is to take the
boundary sphere to be comoving, so that points on the boundary sphere follow geodesics. In
the cosmological coordinates (23) this means that the sphere is at a fixed coordinate χ = χ0.
The extremal surface Σ0 does not lie within a slice of constant cosmological time, but it
does intersect the boundary at a constant time, as can be seen by evaluating (24) at z = 0.
Transforming the zeroth order surface (45) to the cosmological coordinates gives
Σ0 : a(t) coshχ = a(tb) coshχ0 , z
2 + cosh2 χ0 tanh
2 χ = a(tb)
2 sinh2 χ0. (55)
Let
Ageod(tb) = 4πa(tb)
2 sinh2 χ0 (56)
be the proper area of the comoving sphere on the boundary at tb. Then in terms of the
cosmological coordinates the zeroth order area (46) becomes
A(0)(tb) = l
3
[
Ageod
2z2cut
− π ln
(
Ageod
πz2cut
)
− π
]
(57)
and the time dependent correction (51) is
δA = l3Ω¯∗H
2
∗
(4πa2
∗
sinh2 χ0)
(
a∗
a(tb)
)3w+1(
ln
(
Ageod
2πz2cut
)
− 2
3
)
. (58)
Hence the time dependent piece redshifts to zero as (1 + zb)
−(3w+1) where 1 + zb = a(tb)/a∗
is the cosmological redshift. The power in the decaying term is different than for the static
sphere (51) because Ageod increases as a
2.
So far the expressions for the area (57) and (58) are just translations from the asymptot-
ically static coordinates to the cosmological coordinates. The difference from the previous
section, in which the area of the boundary sphere is held constant, comes when one follows
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the time evolution by considering increasing values of the boundary time tb. The area of the
boundary co-moving sphere increases like a2(tb), so although (the UV-independent part of)
δA is positive and decreasing to zero, the total entropy increases with tb. This brings up the
important issue of the range of validity of the expressions in cosmological time. As discussed
in section 4, if the results are to be good approximations to the results in a solitonized space-
time, one needs to restrict to surfaces that do not penetrate too deeply into the bulk, which
precludes taking R ∼ tb sinhχ0 too large. This means that the validity of (51) is restricted
to times that are not so large that the proper radius of the boundary sphere approaches the
length scale set by the soliton, that is, we need tb sinhχ0 ≪ le−y+/l. The situation here is
similar to that in [7].
5 Discussion
In this paper, we have shown how to construct AdS cosmologies that satisfy the Einstein
equations with a nonzero stress tensor and negative cosmological constant. Our solutions
were built as foliations of lower-dimensional solutions; the induced metric on each of these
hypersurfaces itself satisfies Einstein’s equations with a nonzero stress tensor. This construc-
tion has the advantage that the boundary metric of the AlAdS solution is just (conformal to)
the induced metric on each hypersurface. Therefore, this construction offers us significant
freedom in constructing AlAdS spacetimes with a boundary metric of our choosing.
The particular AdS cosmologies that we have constructed take the stress tensor to be
that of a perfect fluid obeying the strong energy condition; for the equation of state w = 1,
the fluid is sourced by a massless noninteracting scalar field. Moreover, we have focused on
the specific case in which the spatial slices of the FRW cosmologies are negatively curved,
as such FRW cosmologies then approach the Milne patch of Minkowski space at late times.
The AdS cosmology constructed from these slices therefore approaches the Poincare´ patch
of AdS at late times, while the AdS soliton cosmology approaches the static AdS soliton.
Such solutions are especially interesting because they allow us to perturbatively calculate
the behavior of physically relevant quantities at late times. For instance, we have calculated
the late-time perturbation to the ADM mass of the AdS soliton cosmology, and have found
this perturbation to be
δM = −ΩM
2
, (59)
whereM is the unperturbed mass and Ω is the dimensionless density parameter of the FRW
cosmology, which goes to zero at late times in the solutions we are interested in. Since M
is negative for the soliton this implies that the mass decreases to the mass of the static
AdS soliton. Hence this result is consistent with the energy conjecture of [17] that the AdS
soliton is the lowest energy spacetime with the prescribed asymptotic structure. We found
the ADM tensions to be modified in a similar manner toM.
Moreover, our solutions also have immediate applicability to large-N , strongly coupled
CFTs via the AdS/CFT correspondence. Indeed, our AdS cosmologies are dual to CFTs
living on an FRW cosmology, while the massless, noninteracting scalar field in the bulk
is dual to a scalar operator in the CFT with zero expectation value but nonzero source.
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This atypical behavior can be tied to the fact that our AdS cosmologies are singular at the
Poincare´ horizon. This singularity is removed by “solitonizing”: introducing a compactified
direction in the bulk that caps off the geometry. This cap amounts to putting the CFT in a
confined phase.
As a probe of the behavior of the CFT on these FRW spacetimes, we study the entan-
glement entropy S of a sphere of constant radius. Using perturbative techniques to find the
leading time dependent correction to the entropy, we find that the regulated entanglement
entropy Sren decays as a power law to its equilibrium value. The power depends on the
equation of state of the fluid. Note that this decay to equilibrium is starkly different from
the behavior of entanglement entropy after a quench, when the entanglement entropy grows
to its equilibrium (thermal) value. However, note that our solutions at late time approach
Poincare´ AdS, which has zero temperature; this is drastically different from the end state of
a quench, which in the bulk is usually modelled by the injection of energy, forming a black
hole of finite temperature.
Several issues and questions are raised by these examples. First, can these solutions
be generalized to include planar black holes in the bulk spacetimes? Such solutions could
conceivably be used to model the approach of a CFT on an FRW cosmology to thermal
equilibrium with a nonzero temperature T , much as here we have modeled the approach
to equilibrium at T = 0. Second, for reasons of tractability our entropy calculations have
been perturbative analyses in the AdS cosmology. It would also be interesting to study the
entanglement entropy of the CFT at all times, in both the AdS cosmologies and especially
in the AdS soliton cosmologies, to see if there is any behavior that was not captured by our
perturbative methods. Such calculations would most likely be numerical, so we leave them
for the future.
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